Abstract: The 'anomalous perihelion precession' of Mercury, announced by Le Verrier in 1859, was a highly controversial topic for more than half a century and invoked many alternative theories until 1916, when Einstein presented his theory of general relativity as an alternative theory of gravitation and showed perihelion precession to be one of its potential manifestations. As perihelion precession was a directly derived result of the full General Theory and not just the Equivalence Principle, Einstein viewed it as the most critical test of his theory. This paper presents the computed value of the anomalous perihelion precession of Mercury's orbit using a new relativistic simulation model that employs a simple transformation factor for mass and time, proposed in an earlier paper. This computed value compares well with the prediction of general relativity and is, also, in complete agreement with the observed value within its range of uncertainty. No general relativistic equations have been used for computing the results presented in this paper.
Introduction
Newton's gravitational theory and Einstein's General Relativity Theory (GRT) lead to almost identical results within the solar system. Only near very dense objects, e.g., black holes, or on a cosmic scale does GRT lead to larger changes. Thus, in 1916, Einstein could think of only three tiny potential manifestations of GRT: starlight deflection, perihelion precession, and gravitational redshift. Gradually, as the accuracy of experiments and observations improved, all these manifestations of GRT were tested utilizing new technologies -radar, lasers, inertial instrumentation, hydrogen maser clocks, and space, only to confirm GRT at a higher level of precision. The Shapiro time delay experiment conducted in the seventies provided the fourth test of GRT with high precision.
Two approximate methods used to solve the Einstein field equations, without making standard symmetry assumptions, are the post-newtonian approximation (p.n.a) and weak-field approximation methods. While the former is used for non-relativistic slow moving objects, the latter is used for relativistic particles. However, both methods involve complex mathematics to analyze problems. In a bid to evolve a simpler approach to analyze experiments so far conducted to prove GRT, our previous paper [1] described a mathematical model and the results of numerical simulation of time delay and light deflection experiments, without using general relativistic equations. These results were in good agreement with the respective values predicted by GRT as well as with the relevant recent accurate experimental results. In continuation, the result of numerical simulation of the so-called 'anomalous perihelion precession' of Mercury's orbit is being presented in this paper.
It may be mentioned here that no work using a similar approach, for the calculation of the anomalous precession of Mercury, could be found in relevant literature.
Historical background
When the axis of the elliptical orbit of Mercury referenced to the line of equinox was observed by astronomers over a long period of time, they detected a precession rate of 5600 arcseconds per century. Given that the apparent precession rate of the line of equinox is 5025 arcseconds per century, the magnitude of the total precession rate of Mercury's perihelion is 575 arcseconds. Techniques of calculation developed by Lagrange, Laplace and others had made it possible to determine that the perturbation effects due to all the other planets should contribute an additional 532 arcseconds per century. The remaining 43 arcseconds per century constitute what has been termed the 'anomalous perihelion precession' of Mercury's orbit [2] , by Le Verrier in 1859.
Since then, many ad-hoc attempts [3, 4] had been made to account for this anomalous perihelion precession. Some of these were based on the existence of 'new matter' orbiting between Mercury and the Sun -viz., a new hitherto undiscovered planet named 'Vulcan', or a ring of dust or asteroids. Others included an alternative version of matter hypothesis considering an oblate Sun, proposed by Newcomb, and a proposal to deviate from the inverse-square law of gravitation. It was by using Einstein's GRT, in November 1915, that the anomalous precession of Mercury could be calculated with a precision demanded by observational accuracy. As the anomalous precession of Mercury's orbit is a direct result of the full General Theory, and not merely the Equivalence Principle, Einstein viewed this as the most critical test of his theory.
Formulation of the problem
The problem was formulated using the same basic model described in a paper published earlier [1] , that presented computation results of numerical simulation of two other GRT tests -namely, the light deflection and the time-delay experiments. However, as a photon is not a material particle, the equation for its mass is not applicable to a planetary orbit. Thus, in the formulation of the problem here, Mercury was considered to be a point-mass material particle moving along its orbit in the solar system. Its mass at a distance r from the center of the heliocentric coordinate system (c.s.), was taken to be equal to its relativistic mass, as given by
where m • -Rest mass of the orbiting body including the mass of its satellites (if any) and associated atmosphere (if any), and β -velocity ratio, given by (v/c), where v -velocity of the planet, at location r, c -velocity of light. The equation for the relativistic transformation factor is the same as that given in our earlier paper [1] . Thus, the equation for relativistic time is given by
where F, the gravitational redshift factor, is given by
where
In addition, the following equation, given in our earlier paper [1] for the resultant gravitational acceleration vector of the orbiting body in the heliocentric c.s., has been used for celestial orbits.r
wherë r -Resultant gravitational acceleration of the orbiting body caused by all celestial bodies in the solar system including the central body, r J -Acceleration of the orbiting body caused by all celestial bodies in the solar system, other than the central body, r -Position vector of Mercury's center-of-mass.
The double dots above a symbol signify the double differential with respect to time, while the single dot above a symbol signifies the single differential, throughout this paper.
The resultant gravitational acceleration is numerically integrated to obtain the epochwise velocity and position vectors of Mercury.
The radial component of the planet's epochwise magnitudes of velocity, designated by v r , is obtained from the vector dot-product as follows:
The tangential component of the planet's epochwise magnitudes of velocity, designated by v φ , is obtained as follows:
The epochwise magnitudes of the angle between the vector directions of v φ and v, designated by λ v , is derived from the magnitude of two velocity vectors, as follows:
The term 'anomalous perihelion precession' really consists of the following three terms and can be expressed algebraically as
where α C -Angular precession due to momentum conservation laws, α m -Angular precession due to relativistic variation of mass, and α t -Angular precession due to relativistic variation of time.
These terms are explained in detail in the following subsections.
Angular precession due to conservation laws of momentum
The conservation law of angular momentum dictates the change of the vector direction of v r , and its time rate of changeα A can be calculated from the torque relationship as follows:α
Integration ofα A , leads to the epochwise magnitude of the corresponding angular deflection α A .
On the other hand, the conservation law of linear momentum dictates the change of the vector direction of v, and the epochwise magnitude of the angular deflection caused by this is obtained from the dot-product of the unit vector of the instantaneous velocity v with that of the velocity at initial epoch, that is
wherê v 0 -Unit vector of the velocity v at time t = 0, and v t -Unit vector of the velocity v at time t = t. The difference between the two angular deflections mentioned above, gives the magnitude of the angular precession due to conservation laws of momentum, as given by
3.2 Angular precession due to relativistic variation of mass
The rate of angular precession due to relativistic variation of mass,α m , is obtained during differentiation of angular momentum, P, of the orbiting body, given by
Thus,α m is expressed as follows:
Integration ofα m , leads to the epochwise magnitude of α m , the corresponding angular precession due to relativistic variation of mass.
Angular precession due to relativistic variation of time
The angular displacement or precession due to relativistic variation of time, can be obtained as explained below.
The total rate of change of angular displacement of the vector directions of v φ , is given byφ = v φ r .
Integration ofφ, using the relativistic transformation factor for time, leads to the epochwise magnitude of the corresponding total angular displacement φ t -which consists of two parts (as shown below).
where φ -Total angular displacement integrated in non-relativistic time frame, and α t -Additional angular displacement due to relativistic variation of time.
From the above equation, α t the angular displacement or precession due to relativistic variation of time, is obtained as
Numerical simulation
The heliocentric equatorial-of-date coordinate system was used for computations. Data for the heliocentric positions of planets were taken from JPL's (Jet Propulsion Laboratory, Caltech) ephemeris DE405. Calculations were done using Newtonian equations of motion while incorporating a few basic principles of relativity, as explained earlier.
Ordinary differential equations (ODE) were generated for the equations of motion. All the ODE's were solved simultaneously using a variable step differential equation solver. Gear's method [5] has been used as the differential equation solver. Our sub-program using Gear's method maintains the single step error using Euclidean norm, at a maximum value of 1.0E-10. This method has been tested against various JPL integration algorithms and is comparable to the best available in the field for astro-dynamical calculations in controlling the integration error within the specified value. For extraction and interpolation of data from DE405, we used the appropriate codes provided by JPL.
All the Fortran codes, other than those provided by JPL for using ephemeris data, were developed by us using our own mathematical model as presented above, while making use of a few of the algorithms for rotation matrices given in JPL's Technical Report [6] and in Newhall et al [7] . Results of the computation are presented and discussed in the following section.
Discussion of results
Using the model we developed, the following results (Table 1) were computed for the three components as well as for the total anomalous perihelion precession for Mercury.
Computations over a century were carried out to generate all the three components of the total anomalous precession. Extensive analysis of Mercury's perihelion precession, derivation of relevant equations using GRT and summary of observational results with citation of references has been presented by Ciufolini et al. [8] , from whose book most of the observational results have been tabulated in Table 2 below. The GRT value stands at 42.98 with the present value of constants.
If we take a closer look at the observational results presented in Table 2 , we see that the second data set can be considered a revised presentation of the first set, by the same author, four years later with higher precision. Thus, if we ignore the first data set, and look at the other four sets, it can be seen that though these were reported during a period spanning one and a half decade, the values are extremely close -their average being 43.08 arcseconds per century. In comparison, our computed value is 43.19 arcseconds per century. This value is in complete agreement with three sets of observed results within their respective range of uncertainty; it also matches with the average (when rounded off) up to the first decimal place.
Conclusion
It can thus be seen from the data presented above and discussion thereon, that for the anomalous perihelion precession of Mercury, the new relativistic simulation model developed by us leads to a computed value that compares well with the prediction of GRT and observational results within recent levels of accuracy.
